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Abstract 
DISCRETE 
MATHEMATICS 
Many applications of digital image processing now deal with three and more dimen- 
sional images. One way of tracing the digital images of n-dimensional continuous spaces is 
to use molecular spaces and its intersection graphs. Two graphs modeling the same space 
can be transformed into each other by contractible transformations. It was shown that 
contractible transformations retained the Euler characteristic and the homology groups on 
graphs. 
In this paper we continue studying properties of these transformations on graphs. 
1. Introduction 
Topological and geometrical descriptions of sets forming digital pictures play an 
important role in computer image analysis and pattern recognition. Such questions 
arise in a wide range of diverse applications including computer graphics, computer 
tomography, pattern analysis and so on. 
Topological characteristics of discrete pictures are investigated within digital 
topology which is the study of topological properties of image arrays in two or more 
dimensions. 
The paper [7] reviews the fundamental concepts of digital topology, 
surveys the major theoretical results in this field and contains a bibliography 
of almost 140 references. Different approaches to this study have used either 
graphs [7,9] or connected ordered topological spaces [6, S] as theoretical 
tools. 
Another approach to digital images is to use molecular spaces and its intersection 
graphs. In the simplest case a molecular space M is a family of unit cubes with integer 
vertex coordinates in Euclidean space E” [2,3]. 
Our interest in molecular spaces has arisen from the following observation. Sup- 
pose that S is a surface in E”. Divide E” into a set of cubes with the scale I1 of the cube 
edge and call the molecular space M, the family of cubes intersecting S. Change the 
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scale of the cube edge from 1i to 1, and obtain the molecular space M, by using the 
same structure. It was revealed that Ml and M2 could be transformed from one to the 
other with four kinds of transformations if divisions were small enough. This allows us 
to assume that the molecular space contains topological and, perhaps, geometrical 
characteristics of a continuous surface. Otherwise, the molecular space is the discrete 
counterpart of a continuous space. Any molecular space can be described by its 
intersection graph. 
Contractible transformations of graphs consist of contractible gluing and deleting 
of vertices and edges. These transformations are defined based on contractible 
transformations of molecular spaces [2]. 
In our previous papers [3-51 we defined the contractible transformations of graphs 
and proved that these transformations did not change the Euler characteristic and the 
homology groups of a graph and a molecular space. In this paper we describe 
properties of contractible transformations. Since we use only induced subgraphs, we 
shall use the word subgraph for an induced subgraph. For any terminology used but 
not defined here, see Harary [l]. 
2. Contractible transformations of graphs 
In [4] we introduced contractible transformations of graphs, based on four 
operations. 
Let G and u be a graph and its vertex. The subgraph O(o) containing all neighbors of 
u is called the rim of u. 
The subgraph O(v,v, . . . vn), O(viv, . ..vn)=O(vl) n O(v,) A . . . n O(v,), is called the 
joint rim of the vertices ui, up, . . . . v,). 
If a vertex u’is adjacent to all vertices of a graph G, then the given graph G+u is 
called the cone of G and is denoted as oG (Fig. 1). 
Definition 2.1. The family C of graphs G,, Gz, . . . , G,, . . . , C =(G1, G2, . . . , G,, . . .), is 
called contractible if 
(1) The trivial graph K(1) belongs to C. 
(2) Any graph of C can be obtained from the trivial graph by finite series of 
contractible transformations. 
All graphs of the family C are called contractible. 
Definition 2.2. The following transformations are said to be contractible: 
(1) Deleting of a vertex v. A vertex u of a graph G can be deleted, if the rim O(u) is 
.contractible, O(U)EC. 
(2) Gluing of a vertex u. If a subgraph Gi of a graph G is contractible, G1 E C, then 
the vertex u can be glued to the graph G in such a manner that O(u) = Gi. 
(3) Deleting of an edge (vluz). The edge (uluz) of a graph G can be deleted if the joint 
rim O(vlvz) is contractible, 0(v1u2)~C. 
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Fig. 1. 
(4) Gluing of an edge (uluz). Let two vertices u1 and u2 of a graph Gbe nonadjacent. 
The edge (u1u2) can be glued if the joint rim O(u1u2) is contractible, O(uluZ)~C. 
The family C of contractible graphs is determined by inductive application of 
operations (l)-(4). Figs. 1 and 2 show contractible transformations (l)-(4) and all 
contractible graphs on a number n of vertices, n<4. Fig. 3 depicts noncontractible 
graphs modeling spheres S’, S2 and S3. 
A vertex u and an edge (uIu2) are called contractible if the graphs O(u) 
and 0(uIu2) are contractible, respectively. Two graphs are called homotopic if they 
can be transformed from one to the other by a finite sequence of contractible 
transformations. 
3. Theorems 
We are starting this section with the following three theorems which were proved in 
[4,5], so the proofs of these theorems are omitted here. 
Theorem 3.1. Any complete graph K(n) on n vertices is contractible. 
Theorem 3.2. The cone UG of a graph G is contractible. 
Theorem 3.3. Any contractible graph G is connected. 
V 
0 G 
VG 
Now we will formulate as the axiom the proposition which can easily be verified on 
graphs with a small number of vertices. 
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Axiom 3.4. Suppose that G is a contractible graph, and a vertex u, u E G, is not adjacent 
to some vertices of G. Then there exists a nonadjacent vertex u, UE G, such that the 
subgraph O(w) is contractible. 
Theorem 3.5. Let G be a contractible graph with the number of vertices 1 G(, (G( > 1. 
Then it has at least two contractible vertices. 
Proof. (i) Suppose that the vertex v is adjacent to all other vertices of G. Obviously 
the other vertices are all contractible because their rims have the structure of a vG 
graph (Theorem 3.2). 
(ii) Let G be a contractible graph different from a cone. Suppose that (ur, v2, . . . , v,) 
is a set of vertices of G. Choose the vertex vl. With respect to the axiom there is 
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Fig. 3. 
a nonadjacent vertex Vi such that O(UlOi) is contractible. Hence, we can glue 
the edge (U1Ui) is contractible. This operation is repeated until all vertices 
are adjacent to ur. Obviously the last vertex u, in this sequence is contractible in G, 
0( u,) E c. 
Repeat this tracing, starting from the vertex II,. We obtain another contractible 
vertex u, which is different from u,. 0 
Corollary 3.6. Let G be a contractible graph and any of its vertex, O(u)# G-u. Then 
there is at least one contractible uertex among all uertices nonadjacent to u. 
Proof. It follows directly from Theorem 3.5 if u=ul. Cl 
Theorem 3.7. Any contractible graph G on n vertices can be obtained from the complete 
graph K(n) by contractible deleting of edges. The edges incident any given uertex can be 
deleted in the last turn. 
Proof. Suppose that G is contractible graph with vertices ul,uz, . . . . u,. 
(i) Choose the vertex ur, O(ur)= G-ur. We can glue any edge (UiUk) since O(UiUL) has 
the structure of the cone graph and, therefore, is contractible. Thus we can glue all 
missing edges and obtain K(n). By deleting the edges in the reverse order we obtain 
G from K(n). 
(ii) Choose the vertex vl, O(ur)#G-ul. According to the axiom there is a vertex Vi 
such that O(urUi) is contractible. Hence we can glue the edge (VrUi) to G and the 
obtained graph G+(u,vJ is contractible. This operation is repeated until all vertices 
are adjacent to or. All other edges can be glued in an arbitrary sequence. Finally we 
obtained the complete graph K(n) on n vertices. By deleting the edges in the reverse 
order we obtain G from K(n). 0 
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Theorem 3.8. Any contractible graph can be obtained from the trivial graph K(1) by 
contractible gluing of vertices. 
Proof. (i) For contractible graphs with a small number of vertices the theorem is 
verified directly. 
(ii) Let G be a contractible graph. Then with respect to the Theorem 3.5 it has the 
contractible vertex which can be deleted. The obtained graph is still contractible and, 
therefore, one of the vertices is contractible and can be deleted. This operation is 
repeated until the trivial graph K(1) remains. 
Gluing the vertices in the reverse order we obtain G from K(1). q 
Theorem 3.9. Let G and G, be a contractible graph and its contractible subgraph, 
G#G1. Then there exists a contractible vertex v, which does not belong to G1. 
Proof. Glue the vertex v,, to G in such a manner that O(Q) = Gr. The graph obtained 
U = G+ v. is contractible. By the corollary, for vertex v. in U there exists the 
nonadjacent contractible vertex vP, O(U,) E C. Therefore, up does not belong to Gr. 0 
Theorem 3.10. Let G and G1 be a contractible graph and its contractible subgraph, 
Gf Gt. Then G, can be converted to G by contractible gluing of vertices. 
Proof. As before we construct the graph U = G + vo, O(vo) = G1. As in Theorem 3.5, we 
can connect the vertex v. with all the vertices of G by contractible edges. Obviously, 
gluing a contractible edge (uovi) to U is equivalent to gluing the contractible vertex vi 
to Gr. When the last vertex v, is connected with v. in U, the last vertex v, is glued to G1, 
which has been transformed to G. 0 
Theorem 3.11. Let G and v be a contractible graph and its vertex. If G - v is contract- 
ible, then O(v) is contractible. 
Proof. (i) The theorem is verified directly for graphs with a small number of vertices. 
(ii) The theorem is evident for the case O(v)= G-v. Suppose that the theorem is 
valid for any graph with 1 G 1 number of vertices, 1 G ( < n. Let G be a contractible graph 
with the number of vertices (G(, (G(=n+ 1, G-v be its contractible subgraph, and 
O(v) # G - v. With respect to Corollary 3.6 there exists a vertex v1 in G such that O(vJ 
is contractible and v1 does not lie in O(v). Obviously 
(1) O(v) in G- v1 is the same as O(v) in G, 
(2) O(v,) in G-v is the same as O(v,) in G, 
(3) G- v1 and G-v are contractible. 
Since G- v1 and G-v1 -v are contractible and I G- v1 I = n, according to the 
assumption O(v) is contractible in G-v1 and, therefore, in G. 0 
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Theorem 3.12. Let G and v be a contractible graph and any of its vertices. Then the 
graphs O(v) and G-v are homotopic and O(v) can be converted to G-v by contractible 
gluing of vertices. 
Proof. The proof is similar to the proof of the Theorem 3.5. Since G is contractible the 
vertex v can be connected with all other vertices of G by contractible gluing of edges. 
Any contractible gluing of an edge in G is equivalent to contractible gluing a vertex to 
O(v). Therefore, G-v is homotopic to O(u). 0 
Theorem 3.13. Any contractible gluing of vertex v to the graph G in such a way that 
O(v)=G, where G1 is a contractible subgraph of G can be replaced by the following 
transformations: 
(i) contractible gluing of a vertex v to any vertex of G1 
(2) contractible gluing of edges between u and all other vertices of G1. 
Proof. Let (vl,rz, . . . . u,) be vertices of G1. Glue v to ul. Obviously the graph 
O(v) = G1 + u is contractible. Suppose we glue edges (vvl), (vuz), . . . , (w_ J in G1 is as 
before contractible, there exists r&, vkEG1 such that O(rt.$) in G1 is equal to O(uuk) in 
G and is contractible. Therefore, we can glue the edge (rt$) to G. 
In this way \n;e glue all edges between u and Gr. q 
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